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ON WILD LIE ALGEBRAS
IEVGEN MAKEDONSKYI
Abstract. We give a criterion of tameness and wildness for a finite-
dimensional Lie algebra over an algebraically closed field.
1. Introduction
All considered Lie algebras are defined over a fixed algebraically closed
field K of zero characteristic and are finite-dimensional over K. Through-
out in the text we will not write the field. In particular, by sln we will
denote sln(K). All definitions of tameness, wildness and controlled wildness
correspond to such definitions from the work [1].
There exist many papers about the tameness and wildness (see for example
[6], [7], [1]).
Let L be a finite-dimensional Lie algebra. We will consider the classifica-
tion problem of finite dimensional linear representations of L up to equiv-
alence. This work is devoted to the following question: determine all Lie
algebras L such that the problem of classification of all representations of L
is wild or tame. Such algebras we will call wild and tame respectively. The
main result of this paper is:
Theorem 2.
There exist only five classes of tame Lie algebras:
1) semisimple Lie algebras;
2) the one-dimensional Lie algebra;
3) the direct sums of semisimple and the one-dimensional Lie algebras;
4) sl2 ⋌ I, where I is the two-dimensional indecomposable module;
5) the direct sums of semisimple Lie algebras and sl2 ⋌ I.
Any other Lie algebra is controlled wild.
So we have proved that the classification problems of the representations
of the Lie algebras are either tame or controlled wild.
2. Examples of tame and wild Lie algebras
2.1. Two-dimensional Lie algebras are wild. Let L be a two-
dimensional Lie algebra. Then L is either abelian or has a basis L = 〈x, y〉
such that [x, y] = y. The classification problem for the representations of the
two-dimensional abelian Lie algebra coincides with the classification problem
for two commuting matrices. This problem is controlled wild. The classifica-
tion problem for two matrices satisfying the relation [x, y] = y is controlled
wild too (see for example [4]). Thus, any two-dimensional Lie algebra is
controlled wild.
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2.2. Solvable Lie algebras are wild. Assume that L ⊲ I, dimL/I = 2.
Then L is controlled wild because L/I is two-dimensional.
In particular, let L be a solvable Lie algebra. Assume that dimL > 2.
Then L has an ideal of codimension 2. Therefore, we have:
Proposition 1. Any solvable Lie algebra L with dimL > 1 is controlled
wild.
The following fact is obvious.
Remark 1. Assume L = I ⊕ J is a direct sum of Lie algebras, where I is a
wild Lie algebra. Then L is a wild Lie algebra too.
2.3. Semisimple Lie algebras are tame. On the other hand, the classical
representation theory of semisimple Lie algebras implies that all semisimple
Lie algebras are tame.
2.4. One-dimensional extensions of semisimple Lie algebras are
tame. The next proposition seems to be known, but having no precise ref-
erence we supply it with a complete proof.
Proposition 2. Let L = L̂⊕L1 be the Lie algebra such that L̂ is semisimple.
Let (M,f) be an irreducible representation of L. Then there exist indecom-
posable representations (M1, f1) of the algebra L̂ and (M2, f2) of the algebra
L1 such that M = M1 ⊗M2, f(X + Y ) = f1(X) ⊗ id+ id⊗f2(Y ), X ∈ L̂,
Y ∈ L1 and id is the identity operator.
Proof. The semisimplicity of L̂ implies that the representation L̂ ∋ X 7→
f(X) is completely decomposable. Therefore we can assume that f(X) =

F1(X) 0 . . . 0
0 F2(X) . . . 0
...
...
. . .
...
0 0 . . . Fk(X)

 , where Fi is the irreducible representa-
tion of the algebra L̂, the dimension of this representation will be denoted
by hi. Next, we may assume, that the representations F1, ...Fp are pair-
wise equivalent, and the representations Fq, q > p are not equivalent to F1.
Let Sij be hi × hj-matrices and S =


S11 . . . S1k
...
. . .
...
Sk1 . . . Skk

 ∈ gl(n,K). As-
sume that f(X)S = Sf(X) for any X ∈ L̂. Then fi(X)Sij = Sijfj(X),
i, j = 1, . . . k. By the Shur’s Lemma ([2], p. 225) we have Sij = sij1h1 ,
sij ∈ K, i, j = 1, . . . p and Sij = 0, i 6 p < j и j 6 p < i.
Let us apply this result to S = f(Y ), Y ∈ L1. Assume that p 6= k.
Then the relations Sij = 0, i 6 p < j and j 6 p < i imply that (M,f) is
decomposable, a contradiction. Therefore, p = k.
Denote f1(X) = F1(X) for X ∈ L̂, f2(Y ) = (sij) ∈ gl(p,K), Y ∈ L1. It is
obvious that M is decomposable into a tensor product. Thus, we have:
f(X) = f1(X) ⊗ 1p,X ∈ L̂;
f(Y ) = 1h ⊗ f2(Y ), Y ∈ L1.
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It is easy to see that if the representation (M2, f2) is decomposable into the
direct sum of two other representations, then the representation f is decom-
posable into the direct sum of two other representations, too. Therefore,
(M2, f2) is an indecomposable representation. Conversely, if the representa-
tion (M2, f2) is indecomposable, then the representation (M,f) is indecom-
posable, too. 
Remark 2. The direct sum of a tame and semisimple Lie algebras is tame.
The representations of the one-dimensional Lie algebra 〈e〉 are given by the
image of the element e 7→ f2(e). Therefore for a semisimple Lie algebra L̂
any indecomposable representation of the Lie algebra L = L̂ ⊕ 〈e〉, is given
by the simple representation of the algebra L̂ and the Jordan cell. Therefore,
all these algebras are tame.
More generally, the direct sums of semisimple and tame Lie algebras are
tame.
3. Quiver of Lie algebra with an abelian radical
Now we are going to reduce the study of representations of Lie algebras
with abelian radical to the study of representations of certain quivers.
Lemma 1. Let L̂ = L ⋌ I be a Lie algebra such that L is semisimple, I
is an abelian ideal. Then the category of representations of the algebra L̂
is equivalent to the following category: the objects of this category will be
pairs (M,φ), where M is an L-module, φ : I ⊗ M → M is the module
homomorphism such that
(1) φ ◦ (id⊗φ) ((I ∧ I)⊗M) = 0.
The morphisms in this category are the commutative diagrams:
(2) I ⊗M
id⊗α

φ
// M
α

I ⊗N
ψ
// N
,
α is the module homomorphism.
Proof. Let M be L̂-module. Therefore M is L-module. Let the map φ :
I ⊗M →M be given by i⊗m 7→ im. Then for any i, j ∈ I,m ∈M :
φ ◦ (id⊗φ)((i⊗ j − j ⊗ i)⊗ (m)) = i(jm) − j(im) = [i, j]m = 0.
Therefore the condition (1) holds.
Also we have:
lφ(i⊗m) = lim = [l, i]m+ ilm = φ(l(i⊗m))
Hence φ is the module morphism.
Conversely, let φ be a module morphism φ : I ⊗M → M satisfying the
condition (1). Define the action of i ∈ I on m ∈M by the rule im := φ(i⊗
m). By the condition (1) we get for i, j ∈ I,m ∈M : [i, j]m = ijm−jim = 0,
besides that, for l ∈ L, i ∈ I,m ∈M we have:
[l, i]m = φ([l, i]⊗m) = φ(l(i⊗m)− i⊗ lm) = lφ(i⊗m)− ilm = lim− ilm
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. Therefore M with the given action is an L̂-module.
It is obvious that the two considered maps are inverse to each other. Thus
we have the correspondence between the objects.
Now let A be a morphism of the L̂-modules A : M → N . Then it is
also a morphism of the L-modules. Denote this morphism by α. Then for
i ∈ I,m ∈M we obtain that
α(φ(i ⊗m)) = α(im) = A(im) = iA(m) = iα(m) = ψ(i⊗ α(m)).
Therefore this map gives the commutative diagram (2). By the same calcu-
lation we have that any commutative diagram (2) gives the morphism of the
L̂-modules. Thus we proved that these two categories are equivalent. 
Remark 3. In the same way we have that if L̂ = L⋌R, L is a semisimple
Lie algebra and the radical R is generated by the submodule I, I ⋍ R/[R,R],
then the category of representations of L̂ is equivalent to the category of pairs
(M,φ), where M is an L-module, φ : I ⊗M → M is a module morphism
with some set of relations, which hold if the relations (1) hold (i. e. we have
the inclusion of the ideals).
For a given Lie algebra L⋌I, where L is semisimple and I is an L-module,
let us introduce the quiver KI . The vertices of this quiver are equivalence
classes of irreducible L-modules, the number of arrows fromM to N is equal
to the multiplicity of N in I ⊗M .
Lemma 2. The category of all finite dimensional representations of KI is
equivalent to the category KI of pairs (M,φ : I ⊗M →M), with morphisms
given by the commutative diagrams 2.
Proof. Decompose the module M into the direct sum of irreducible compo-
nents:
M =
n⊕
i=1
Vi ⊗Mi,
where allMi are pairwise nonequivalent irreducible components ofM , Vi are
vector spaces and dimVi is the multiplicity of Mi in M . Furthermore:
I ⊗M =
n⊕
i=1
Vi ⊗ I ⊗Mi =
⊕
Vi ⊗Mij ,
I ⊗Mi =
⊕
Mij is the decomposition of I ⊗Mi into the direct sum of
the irreducible (possibly not pairwise nonequivalent) components. Hence the
map φ : I ⊗M →M is decomposed into the direct sum of maps Vi⊗Mij →
Vl ⊗Ml, this map can be nonzero only if Mij ∼= Ml. Therefore the map
I ⊗M → M is given by the set of the maps α(i, j) : Vi → Vl for every
Mij ∼= Ml. Note that the representations of the quiver KI are given by
the same way. Thus we have the correspondence between the objects. The
morphism from M =
⊕n
i=1 Vi⊗Mi to N =
⊕n
i=1 Ui⊗Mi (possibly, some of
Ui and Vi are zero) is the set of the maps γi = Vi → Ui, the commutativity of
the diagram (2) is obviously equivalent to the commutativity of the following
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diagrams:
(3) Vi
γi

αij
// Vl
γl

Ui
βij
// Ul
.
Morphism of the quiver representations is given in the same way. This com-
pletes the proof of the lemma. 
Now consider the full subcategory of KI , objects of which are pairs
(M,φ : I ⊗M → M) satisfying the condition (1). Consider the image of
this subcategory under the given equivalence. Introduce the function l(i, j)
such that I ⊗Mi =
⊕
Ml(i,j). Then the maps αi,l(i,j) act from Vi ⊗Mi to
Vl(i,j) ⊗Ml(i,j).
φ (I ⊗M) =
n∑
i=1
φ (Vi ⊗ I ⊗Mi) =
∑
i,j
(
α(i, j)(Vi)⊗Ml(i,j)
)
.
Therefore we have:
φ ◦ (id⊗φ) ((I ⊗ I)⊗M) = φ(I ⊗
∑
i,j
(
α(i, j)(Vi)⊗Ml(i,j)
)
) =
=
∑
i,j,k
(
α(l(i, j), k)α(i, j)(Vi)⊗Ml(l(i,j),k)
)
.
I ⊗ I ⊗Mi =
⊕
j,k
Vi ⊗Ml(l(i,j),k).
But I ⊗ I ⊗Mi = ((I ⊙ I)⊗Mi)⊕ ((I ∧ I)⊗Mi). Thus, grouping the latter
sum with respect to the equivalence classes of modules Ml(l(i,j),k):
Vi ⊗
⊕
j,k
Ml(l(i,j),k) = Vi ⊗
⊕
m
Wm ⊗Mm,
we have that every Wm decomposes into a direct sum Wm = W
′
m ⊕W
′′
m so
that
W ′m ⊗Mm ⊆ (I ⊙ I)⊗Mi,
W ′′m ⊗Mm ⊆ (I ∧ I)⊗Mi.
The condition (1) holds iff all the modules of the type Vi ⊗W
′′
m ⊗Mm
are mapped to 0 under φ ◦ (id⊗φ). In turn, this condition is equivalent to
the linear dependencies system on α(l(i, j), k)α(i, j) (with l(l(i, j), k) = m),
the number of which coincides with the dimension of W ′′m. Therefore we
obtain that the image of the considered subcategory is the category of finite
dimension representations of the quiver KI with the set of relations of degree
2. Using Lemma 2 we obtain that this category is equivalent to the category
of representations of the Lie algebra L⋌ I.
Remark 4. Remark 3 implies that if L̂ = L ⋌ R, where L is a semisimple
Lie algebra and the radical R is generated by the pre-image of I = R/[R,R]
under the factorization, isomorphic to I as the L-module, then the category
of representations of L̂ is equivalent to the category of representations of the
quiver KI with some ideal of relations, which is contained in the ideal of
relations for L⋌ I.
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4. Representations of the quiver KI and wildness of Lie
algebras with abelian radical
In the classification problem for the representations of KI we will find the
finite-dimensional controlled wild subproblems. In particular if the quiverKI
has the subquiver with the wild double (see, for example, [9]), in particular,
the wild subquiver without consecutive arrows, then the algebra L ⋌ I is
wild.
Thus we easily derive the following result.
Proposition 3. Let I be an L-module such that there exists an L-module M
with the following property: I⊗M contains either 5 different indecomposable
components or a component of the multiplicity > 3 or a component of the
multiplicity 2 and another component. Then the Lie algebra L⋌I is controlled
wild.
Proof. In the considered cases double of KI has one of the following sub-
quivers:
r
r
r
r r
r
✲✛
✻
❄
 
 
  ✒
,
r r
✯
❥✲
,
r r r
✯
❥✛
.

4.1. Lie algebras with a "big" abelian radical. Now let us prove a
stronger fact. Let ΛN be the highest weight of the module N , Λ be the
highest weight of the module I.
Definition 1. The module M will be called large for I if I ⊗M contains at
least three indecomposable components and at least one of them is contained
in the decomposition of the tensor product I ⊗ N , N 6= M. In this case we
will say that I admits a large module.
Lemma 3. Let I be an indecomposable L-module and I admits a large mod-
ule M . Then the algebra L⋌ I is wild.
Proof. The case when I ⊗ M has nonisomorphic components is a partial
case of Proposition 3. Assume now that all these modules are pairwise
nonequivalent. Denote them byM1,M2,M3. Then without loss of generality
we may assume that ΛM3 = ΛM+Λ. For 3 6 i 6 9 denote byMi the module
with the highest weight ΛM3 = ΛM+(i−2)Λ. Denote byM0 a simple module
N such that N ⊗ I has the module M1 as a direct summand and N is not
isomorphic to M (this module exists for the large module ΛM ). As the
module of weight ΛMi +2Λ is a direct summand of the module (I ⊙ I)⊗Mi
we obtain that the classification problem for the representations of KI has
the subproblem of classification of representations for the following quiver:r r r
r
r r r r r r r✲✛ ✲ ✲ ✲ ✲ ✲ ✲ ✲
❄
M0 M1 M M3 M4 M5 M6 M7 M8 M9
M2
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This quiver is wild ([8]). If some of Mi coincides with other one then our
quiver is wild, too. 
Corollary 1. Let dim I > 3. Then L⋌ I is wild.
Proof. For any module I there exist such a weight λ˜ that for any simple
module M with the highest weight greater then λ˜ the tensor product I ⊗M
has dim I irreducible direct summands. (It can be easily obtained from the
Costant formula and the formula of the dimensions, see for example [5]).
Thus, if dim I 6= 3 we can use Lemma 3. 
4.2. The case of the two-dimensional module. Consider Lie algebras
with two-dimensional abelian radicals. If it is decomposable then this quiver
has the decomposition into a direct sum of two one-dimensional submodules.
In this case, the quiver KI is a disjoint union of vertices with two loops.
The module I ∧ I is one-dimensional, therefore the classification problem of
representations of some subquiver of this quiver is exactly the classification
problem of pair of the matrices with one homogeneous condition of degree 2.
The results of the paper [4] imply that this problem is always wild. Consider
the case of the two-dimensional indecomposable module. Only Lie algebras
of type L = sl2 ⊕ L̂ have the two-dimensional indecomposable module. L̂
is semisimple and acts on I trivially. In this case L ⋌ I ⋍ sl2 ⋌ I ⊕ L̂. By
Proposition 2, the direct sum of a semisimple and a tame algebra is tame.
Thus we may consider only the algebra sl2 ⋌ I.
Consider the case of the two-dimensional module over sl2. Then the quiver
KI is of the following form:
r r r r✿✾ ✿✾ ✿✾
M1 M2 M3 M4
α1 α2 α3
β1 β2 β3
. . .
The module I ∧ I is one-dimensional. Therefore we will have only the
following conditions: kiαiβi + liβi+1αi+1 = 0 with some constants ki and li.
This problem is tame for all such constants. Thus the Lie algebra sl2 ⋌ I
is tame. The direct sums of tame and semisimple Lie algebras are tame,
therefore all the algebras L = (sl2 ⋌ I)⊕ L̂ are tame.
Now we can prove the following theorem.
Theorem 1. Let L = L̂⋌ I be an arbitrary Lie algebra with an abelian rad-
ical. Then L is tame iff the module I is one-dimensional or two-dimensional
and indecomposable.
Proof. If dim I > 2, then L is wild by Lemma 3. If the module I is decom-
posable into a direct sum of two one-dimensional submodules, then L is wild.
Conversely if I is the two-dimensional simple module then we have proved
that L is tame. If I is one-dimensional then L is tame by Remark 2.

5. The case of a nonabelian radical
Now consider the algebras with nonabelian radicals. The algebra L/[R,R]
has an abelian radical. If this algebra is wild, then the Lie algebra L is wild
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too. Therefore we can consider only algebras with the tame quotient algebra
by the square of the radical. Theorem 1 gives a description of tame algebras
with abelian radicals.
5.1. Lie algebras with two-dimensional indecomposable quotient al-
gebra of the radical by its square. Consider now other algebras whose
factor by the square of radical is isomorphic to sl2⋌ I⊕L
′, dim I = 2 or the
algebras of the form (sl2⊕L
′)⋌R, R/[R,R] is two-dimensional. Let a+, a−
be some pre-images of the elements of I with positive and negative weight
such that their linear span is a module over sl2. Let N be the subalgebra
generated by a+, a−. Consider two following cases. (i): [N,N ] = {0}, (ii):
[N,N ] 6= {0}. Consider the quotient algebra L/[[R,R], [R,R]] and we will
work with the algebras with abelian square of radical.
(i) In this case L = (sl2 ⋌ I ⊕ L
′)⋌M . Let M be an irreducible module
over sl2 ⋌ I. Note that irreducible modules over (sl2 ⋌ I ⊕ L
′) are tensor
products of irreducible modules over sl2⋌I and L
′(see Proposition 2). If the
direct summand sl2⋌ I acts on M trivially, then we have an algebra with an
abelian radical in the contradiction to our assumptions. The quiver KI for
the two-dimensional indecomposable module over sl2⊕L
′ is decomposed into
the disjoint union of such quivers for the two-dimensional indecomposable
module over sl2. For any finite subquiver of the considered quiver with
considered relations it is easy to see that any irreducible representation has
a nonzero space only in one point. Therefore this algebra is isomorphic to
sl2 ⋌ (I ⊕M
′)⊕ L′ and is wild. Let M ′ be an arbitrary module and M ′′ be
a maximal submodule of M ′. Then we have that L = (sl2 ⋌ I)⋌M
′/M ′′ is
wild. Therefore all considered algebras are wild.
(ii) Let a Lie algebra L be an extension of the Lie algebra (L′⊕sl2)⋌I with
abelian kernel. If R 6= N then consider the Lie algebra R/[N,N ] ([N,N ] is
one-dimensional ideal because [[R,R], [R,R]] = 0). This is a Lie algebra from
(i). Hence we can assume that the radical is generated by the irreducible
module over sl2. Then R = J ⊕ [J, J ] as a vector space. Thus we must
consider the representations of the quiver KI with some relations of degree
3 lying in the ideal of relations for the Lie algebra L/[R,R].
For the two-dimensional sl2-module I consider the following subquiver of
KI :
r r r r✿✾ ✿✾ ✿✾
M1 M2 M3 M4
α1 α2 α3
β1 β2 β3
Put α2 = 0, let the maps α1, α3 be identity. Relations for the al-
gebra L/[R,R] are of the form kiαiβi + liβi+1αi+1, ki, li ∈ K (because
(I ∧ I) ⊗M ≃ M for any indecomposable module M). Therefore the con-
dition βi−1βiβi+1 = 0 does not lie in the ideal generated by these relations.
Thus we have only one relation of the form kβiβi+1 + lβi−1βi = 0, k, l ∈ K.
Hence this problem is wild.
5.2. Lie algebras with one-dimensional quotient algebra of radical
by its square. Now consider the case when the quotient algebra of the
radical R by its square [R,R] is one-dimensional. We can assume that a Lie
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algebra L is unsolvable. We will prove the wildness of the quotients of this
algebras, namely the algebras L/[[R,R], [R,R]]. Therefore we will assume
that [R,R] is abelian. Consider an extension of the algebra L0 ⊕ I by the
module J , where L0 is a semisimple Lie algebra and I is the one-dimensional
algebra. This extension splits because the algebra L0 ⊕ I has trivial second
cohomologies in any module (see for example [10]). We can assume that J
is irreducible. Then Proposition 2 implies that this module is L0-module
and some element of I acts on J identically or trivially. In the latter case
we obtain an algebra with the abelian radical. Therefore it remains only to
consider the following case: J is an irreducible L0-module and there is an
element of I which acts on this module identically. Now let us prove the
following proposition.
Proposition 4. Let L = (L0 ⊕ I) ⋌ J be a Lie algebra such that L0 is
semisimple, I is one-dimensional, J is irreducible L0-module, on which some
element of I acts identically. Then L is wild.
Proof. Consider L-modules M of type M = V1 ⊗M1 ⊕ V2 ⊗M2, where M1
is trivial L0-module, M2 is isomorphic to J . Then M has a structure of
L0 ⊕ I-module and L0 ⋌ J-module. The structure of the L0 ⊕ I-module
by Proposition 2 is given by two maps αi : Vi → Vi, i = 1, 2 (im = α(m),
where i is an element of I, m is an element of Vi). Define a structure of
L0 ⋌ J-module by a map β : V1 → V2. Let µ be the multiplication map
J⊗(V1⊗M1)→ (V2⊗M2). Then, using the equality [i, j] = j for any j ∈ J ,
we obtain:
α2µ(j,m1)− µ(j, α1(m1)) = µ(j,m1),
for any m1 ∈M1. So, we have:
(α2 − id)µ(j,m1) = µ(j, α1(m1)).
(α2 − id) ◦ µ(J,M1) = µ ◦ (id, α1)(J,M1).
This statement is equivalent to the relation (α2 − id)β = βα1. We obtain
the following quiver with relations:
r r✲ ❄❄ ✍✌
✎☞
✍✌
✎☞
Mn−2 Mn
β
α1α2
α2β = βα1
This problem is wild (See, for example, [3]). 
Remark 5. The results of this paragraph and Theorem 1 imply that any
Lie algebra with nonabelian radical is wild.
5.3. The main theorem. Using the previous results we can prove the next
theorem.
Theorem 2. There exist only five classes of tame finite-dimensional Lie
algebras over an algebraically closed field of zero characteristic:
1) a semisimple Lie algebras;
2) the one-dimensional Lie algebra;
3) a direct sums of semisimple semisimple Lie algebras and the one-
dimensional algebra;
4) sl2 ⋌ I, where I is the two-dimensional irreducible module;
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5) direct sums of semisimple Lie algebras and sl2 ⋌ I.
Any other Lie algebra is controlled wild.
Proof. Any semisimple Lie algebra is tame by classical representation theory
of the Lie algebras. Any solvable Lie algebra is wild by Proposition 1.
Let now L be a Lie algebra without solvable direct summands. Consider
Levi decomposition of the given Lie algebra L̂: L̂ = L ⋌ R, where L is the
semisimple Lie algebra and R is the radical. If R/[R,R] is one-dimensional
then by Propositions 4 and 2 L is wild iff R is not one-dimensional.
Assume now that dim I = dimR/[R,R] > 1. Then, if either the direct
summand of L nonisomorphic to sl2 acts nontrivially on I or more then one
direct summand acts nontrivially on I, or dim I > 2, then L/[R,R] is wild.
Therefore L is wild. If only sl2 acts nontrivially on I, then either R = I and
L is tame by Proposition 2, or R 6= I and L is wild by the results of the
Section 4.2.

The author is grateful to Professor Yu. S. Samoilenko for suggesting the
problem and for constant attention to this work.
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